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Abstract
Let F be any field and let B a matrix of Fq×p . Zaballa found necessary and sufficient conditions for
the existence of a matrix A = [Aij ]i,j∈{1,2} ∈ F(p+q)×(p+q) with prescribed similarity class and such that
A21 = B. In an earlier paper [A. Borobia, R. Canogar, Constructing matrices with prescribed off-diagonal
submatrix and invariant polynomials, Linear Algebra Appl. 424 (2–3) (2007) 615–633] we obtained, for
fields of characteristic different from 2, a finite step algorithm to construct A when it exists. In this short note
we extend the algorithm to any field.
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1. Introduction
For a complete introduction to the problem we refer to [1] and [2]. Here we will consider those
parts of [1] that were solved only for fields of characteristic different of 2, namely, Remarks 5.3
and 5.4. Fortunately, it is possible to translate the statements of both remarks to a more standard
notation than the one used there.
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We start by giving some necessary definitions.
Definition 1.1. For any integer k  1 define
pk = (1,−1, 1,−1, . . . , (−1)k+1) ∈ Fk,
Ek =
[
eij
]k
i,j=1 ≡
{
eii = 1 for i even,
eij = 0 otherwise,
Dk =
[
dij
]k
i,j=1 ≡
{
dii = 1 for i odd,
dij = 0 otherwise.
Definition 1.2. The companion matrix of f = xn + c1xn−1 + c2xn−2 + · · · + cn ∈ F[x] is
C(f ) ≡
⎡
⎢⎢⎢⎢⎣
0 0 −cn
1
.
.
.
...
.
.
. 0 −c2
0 1 −c1
⎤
⎥⎥⎥⎥⎦ ∈ F
n×n.
In Lemmas 1.1 and 1.2 below we will prove, respectively, the content of Remarks 5.3 and 5.4
of [1] without the restriction to fields of characteristic different of 2.
Lemma 1.1. Let F be any field. Let x − c ∈ F[x] and let f ∈ F[x] be a monic polynomial. If
w and r are integers such that w  deg f − 2 and w + deg f = 2r then the 2r × 2r matrix
w⊕
i=1
C(x − c) ⊕ C(f ) is similar over F to a matrix such that its lower-left r × r submatrix has
rank equal to r.
Proof. We divide the proof in two cases:
(i) If r + w is odd then
[
Ir 0
Iw ⊕ Er−w Ir
]−1 (
w⊕
i=1
C(x − c) ⊕ C(f )
)[
Ir 0
Iw ⊕ Er−w Ir
]
has its lower-left r × r submatrix equal to
[∗ 1
G 0
]
where G is an (r − 1) × (r − 1) upper trian-
gular matrix with diagonal equal to the concatenation of (1, . . . , 1) ∈ Fw and −pr−w−1.
(ii) If r + w is even then
[
Ir 0
Iw ⊕ Dr−w Ir
]−1 (
w⊕
i=1
C(x − c) ⊕ C(f )
)[
Ir 0
Iw ⊕ Dr−w Ir
]
has its lower-left r × r submatrix equal to
[∗ 1
G 0
]
where G is an (r − 1) × (r − 1) upper trian-
gular matrix with diagonal equal to the concatenation of (1, . . . , 1) ∈ Fw and pr−w−1. 
Lemma 1.2. LetFbe any field and letf1, f2 ∈ F[x]be monic polynomials with deg f1  deg f2 
2 and such that deg f1 + deg f2 = 2r for some integer r. Then the 2r × 2r matrix C(f1) ⊕
C(f2) is similar over F to a matrix such that its lower-left r × r submatrix has rank equal
to r.
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Proof. We divide the proof in four cases:
(i) If deg f1 /= deg f2 and deg f1 − deg f2 is a multiple of 4 then[
Ir 0
Dr Ir
]−1
(C(f1) ⊕ C(f2))
[
Ir 0
Dr Ir
]
has its lower-left r × r submatrix equal to
[
0 1
G ∗
]
, where G is an (r − 1) × (r − 1) upper trian-
gular matrix with diagonal pr−1.
(ii) If deg f1 /= deg f2 and deg f1 − deg f2 is not a multiple of 4 then[
Ir 0
Er Ir
]−1
(C(f1) ⊕ C(f2))
[
Ir 0
Er Ir
]
has its lower-left r × r submatrix equal to
[
0 1
G ∗
]
, where G is an (r − 1) × (r − 1) upper trian-
gular matrix with diagonal −pr−1.
(iii) If deg f1 = deg f2 and they are even then[
Ir 0
K Ir
]−1
(C(f1) ⊕ C(f2))
[
Ir 0
K Ir
]
,
where K is equal to
[
0 Dr−1
0 0
]
, has its lower-left r × r submatrix equal to an upper triangular
matrix with diagonal −pr−1.
(iv) If deg f1 = deg f2 and they are odd then[
Ir 0
T ⊕ K Ir
]−1
(C(f1) ⊕ C(f2))
[
Ir 0
T ⊕ K Ir
]
,
where T =
[
1 1 1
0 0 1
0 0 0
]
and K =
[
0 Dr−4
0 0
]
, has its lower-left r × r submatrix equal to
[
R ∗
0 G
]
where R =
[−1 −1 ∗
1 0 ∗
0 0 1
]
and G is (r − 3) × (r − 3) upper triangular with diagonal −pr−3. 
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